2-D wave equation modeling and migration using a new finite difference scheme based on the Galerkin method are presented. Since it involves the semi-descretization of the finite element method (FEM), it is also called the finite element and finite difference method (FE-FDM). For a 2-D acoustic wave equation, by using the semi-discretization technique of the finite element method (FEM) in the z direction with linear elements, the original problem can be written as a coupled system of lower dimensional partial differential equations (PDEs) that depend continuously upon time and space in the x direction. The fourth-order finite difference method (FDM) is used to solve these PDEs. The concept and principle are introduced in this paper. Compared with the explicit finite-difference method of the same accuracy, the stability condition becomes looser and shows an advantage over the conventional FDM. An absorbing boundary condition of fourth-order accuracy is used to prevent boundary reflections. In numerical experiments, comparison is made between a FE-FDM numerical solution and an analytic solution of the quarterplane. Here, FE-FDM is shown to be accurate in numerical computation. In addition, a constant velocity model with two irregular interfaces is simulated to obtain a poststack seismic section, which is then successfully migrated. These examples show the potential of FE-FDM in modeling and reverse-time migration.
Introduction
The finite element-finite difference method (FE-FDM), a numerical method using the FEM and FDM in the spatial domain to solve partial differential equations, was first put forward by Dong (2001) . In contrast to FEM, the FE-FDM semi-discretizes the PDE in a partial spatial domain. This yields a coupled system of PDEs, which still depend continuously upon both time and space (although not all the space dimensions), and are solved with FDM. Thus, the strengths of the FEM (adaptation to arbitrary domain and boundary) are retained. The shortcomings of the FEM (large demand on computer memory and high computation costs) are reduced because of the semi-discretization. In fact, when the lumped global mass matrix of FEM is used and other spatial domains and the temporal domain are solved by FDM, it is equivalent to the FDM in nature. So, this method actually is a finite difference scheme based on the Galerkin method.
Earlier applications employed semi-discretization along the x direction by FEM. However, considering that the spatial sampling interval in the x direction is greater than that in the z direction, the wave equation is semi-descretized along the z direction by the FEM. Another development new to this study is that we employ the fourth order rather secondorder FDM for computing along the x direction. This allows us to derive a new and accurate stability condition for the FE-FDM and we show that it is looser compared with a full FDM of the same order. The fourth-order absorbing boundary condition (Clayton and Engquist, 1977 ) is used to prevent boundary reflections. Some examples of 2-D wave equation modeling and migration are given as well to demonstrate the potential of this method.
Theory
Consider the hyperbolic model problem, with the 2-D scalar wave equation: 
Ω where denotes the wave displacement at horizontal coordinate x, vertical coordinate z (where the z axis points downward) and time t, respectively. a(x, z) is the medium velocity. 
where is the total number of nodes. According to the Galerkin method (Lu and Guan, 1987) , one can express the semi-discretized PDEs as:
where, 
FDM solution of matrix PDEs
A set of indices i, j and n is chosen to establish a discretization model with different grid spacing x ∆ , z ∆ and in x, z and t, respectively:
where I, J and N are the number of samples in x, z and t, respectively. One of the explicit schemes, the five-point central scheme, is selected to solve this problem. The difference equation has the form
where represents the discrete value of the wavefield at the grid point (i, j) and at time n, and τ and l are the time and space steps, assumed constant. The local truncation error of this scheme has the form of O ( ) (Durran, 1999) . When the lumped mass matrix is used, equation (4) can be expressed as the formulation of the FDM. Figure 1 is the temporal and spatial grid computation. In contrast to the central FDM, each grid computation at time
has a relationship with the fifteen points at time t , which will affect the stability condition. 
Substituting the expression (6) into equation (4), we obtain , 
Since A is real, the real part and the imaginary part of satisfy the same equation. So we can simply treat as a real quantity. Equation (8) 
which is much looser than the stability of second order central FDM and the fourth-order central FDM (Lines, et al, 1999) , 2 / 1 and 8 / 3 , respectively. Hence, according to the above analysis of the stability condition, one finds that the algorithm based on the FE-FDM has a much looser stability condition than those based on the conventional FDM under the same accuracy condition.
Absorbing boundary condition
The approach of the absorbing boundary condition (Clayton and Engquist, 1977) gives the fourth-order accuracy boundaries as follows:
2-D Wave equation modelling and migration by a new finite difference scheme based on the Galerkin method
Left side boundary: For the migration, in fact, the value of the top boundary is the seismic section used to extrapolate the wavefield. So, the bottom boundary, left boundary and right boundary conditions are needed, which are same as the boundary conditions of the wave modeling
Numerical examples
In order to validate the algorithm of the FE-FDM, some cases are chosen for modelling and migration. The numerical solution of modeling in a quarter-plane is compared with the corresponding analytical solution. For migration, a constant velocity model with two irregular interfaces is chosen to do modeling first and then migration.
Case I: Comparison between the numerical solution and the analytical solution
The quarter-plane problem is a particular case of the infinite-wedge problem. As underlined by Wait (1959) , the solution can be found by image theory. A source S inside the medium induces three virtual image sources, as shown in Figure 2 . Two images and are symmetric with respect to the real source along the x-axis and z-axis edges. The third image is symmetric to the real source with respect to the corner. For grid boundary conditions on the two edges, one can write the solution at the point as Table 1 gives the physical parameters of the quarter-plane problem. The usual rule of using at least ten points for the shortest wavelength of the source is respected for this scheme. The seismogram at a given point (Table 1) shows more quantitatively the accuracy of the numerical solution by comparison with the analytical solution (Figure 3) . They are accurately matched except for some difference in the amplitude. Figure 3 . Seismogram for a given source and observer (Table 1) . The solid blue line is the analytical solution, and the dashed red line is the numerical solution of the FE-FDM
Case II: Constant velocity model migration with irregular interfaces
To test the imaging ability at irregular interfaces, a constant velocity model with two irregular interfaces has been designed, which is shown in Figure 4 . The parameters of the model are shown in Table 2 . source: each point of the interfaces; observer: each grid point at z=0. Other parameters dx = 3m, dz =3m, dt = 1.0E-3s, grid of 500*300 points Using the FE-FDM, the exploding reflection model (ERM) and the parameters shown above, one can generate a poststack seismic section, which is shown in Figure 5 . Figure 6 is the migration result. Comparing it with the model in Figure 4 , there is a good correspondence between the migration result and the model. The FE-FDM migration images the irregular interfaces well and accurately locates the diffraction energy in the right place. In addition, there is some weak diffraction in the migration section because of the truncation, but it doesn't affect the image result. Therefore, the FE-FDM can work well in cases with constant velocity. 
Conclusion
A numerical method called the finite element-finite difference method (FE-FDM) for the solution of a 2-D wave equation is presented in this paper. As numerical examples, 2-D acoustic wave equation modeling and reverse-time depth migration have been shown above, and it is encouraging that the result is accurate and effective enough for the simulation of a complex wavefield and the migration of irregular interfaces. This method combines FEM and FDM based upon the semi-discretization of the spatial domain. The main strengths of FEM (adaptation to non-uniform grids) and FDM (computational efficiency) are inherited. FE-FDM has a much looser stability condition than the FDM with the same accuracy. The application of a good absorbing boundary contributes to better imaging ability in the modelling and migration. It is therefore a useful and promising numerical method.
